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Abstract. This paper presents a simple method for multi-label fuzzy
random variable generation based on a-cuts. Our proposal uses fuzzy
numbers and uniform random numbers to obtain a fuzzy random vari-
able. We present and application example and discuss about different
definitions of fuzzy random variables.
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1 Introduction and motivation

Uncertainty coming from human-like perceptions regarding words or concepts
can be handled with fuzzy sets/numbers. Its use into discrete event simulation
models are a promissory field. In many simulation problems there is a lack of
statistical information to use classical statistics, and one way or another such
cases use information coming from experts which can be easily represented using
fuzzy sets.

Our proposal focuses on an efficient method to generate fuzzy random vari-
ables in cases where multiple linguistic labels are defined. Randomness is then
represented by a uniform random number and fuzzyness is represented by multiple-
label fuzzy numbers. To do so, we propose to use a-levels of a fuzzy set and
random numbers to obtain the realization of a fuzzy random variable.

The paper is organized as follows: Section 1 is an Introductory section. Sec-
tion 2 presents some basics about fuzzy sets; in Section 3, some concepts about
random variables are provided; Section 4 describes the proposed method; Sec-
tion 5 presents an application example, and Section 6 presents the concluding
remarks of the paper.
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2 Basics of fuzzy sets/numbers

Let P(X) be the class of all probabilistic sets, F(X) is the class of all fuzzy sets,
F1(X) is the class of all convex fuzzy sets, and I = [0, 1] be the set of values
in the unit interval. A fuzzy set namely A is characterized by a membership
function p4 : X — I defined over a universe of discourse x € X. Thus, a fuzzy
set A is the set of ordered pairs € X and its membership degree, p4(x), i.e.,

A= {(z,pa(z)) |z € X}. (1)

Let us denote F1(R) as the class of all fuzzy numbers, then a fuzzy number
is defined as follows:

Definition 1 Let A : R — I be a fuzzy subset of the reals. Then A € F1(R)
is a Fuzzy Number (FN) iff there emists a closed interval [z, x,] # 0 with a
membership function pa(x) such that:

c(z) for z € [¢, ¢rl,
pa(z) =< I(z) for z € [—oo,z], (2)
r(z) for x € [z,, 0],

where ¢(x) = 1 for x € [c1, ¢, 1+ (=00, 21) — I is monotonic non-decreasing,
continuous from the right, i.e. l(x) =0 for x < a;; 1 : (x,,00) — I is monotonic
non-increasing, continuous from the left, i.e. r(x) =0 for x > x,.

The a-cut of a set A € F1(R), *A is the set of values with a membership
degree equal or greatest than «, this is:

A=A{x|pa(z) >a} VzeX, (3)

A= [igf “pa(z), sup O‘MA(&E)} = [da, o), (4)
and the a-level of A € F1(R) namely A, are the endpoints of *4 i.e.

Ay ={z|pa(x) = «a for some z € X}, (5)
A, = {ir;f “pa(z), sup auA(x)} ={aaq, G }- (6)

3 Fuzzy random variables

Let us start by defining randomness in a broad sense. From a mathematical point
of view, a variable X is considered independent if it cannot be explained by any
other variable in consideration i.e. for a set of variables Xy, -, X;, -+, X,, it
is said that X; is independent if #,.;{X;|X; = f(X;)}.

Then, a variable X is random if it is independent with unpredictable behav-
ior. This is often defined using probabilistic theory (see A.N. Kolmogorov [3])
as shown as follows. A probability space is a triplet (£2,D,P) where {2 is the



sample space whose elements are w € {2, D is a set of probable events (a.k.a
o-algebra), and P : D — I is a probability measure. This way, a probabilistic
random variable X,,,w € D C (2 is characterized by X : 2 — P.

Now, three main approaches to define a fuzzy random variable (FRV) are dis-
cussed in this paper: H. Kwarkernaak [4, 5], Puri & Ralescu [8], and Chang [1].
First we establish some additional notations that help to understand their defi-
nitions. Let T be a family of ¢ € Ny, finite/countable linguistic labels/statements
in which A; € T and pg, € F1(X).

Kwarkernaak’s definition of a FRV is based on a set A; € T of probable fuzzy
sets, as follows.

Definition 2 A fuzzy random variable X defined on a probability space (2, D, P)
18 characterized by a map X : £2 — S such that

w »i Xo
where S is the space of all piecewise continuous functions R — [0, 1].

Each element of the space S is the image of a fuzzy number ie. 4;(w) €
Fi(R) € S where every fuzzy set A; has an associated probability p;,i € N,,,
and we denote

i XPVieN,
as the random variable associated to p; for the set A4;(w).

Puri & Ralescu [8] proposed a similar definition based on the idea of having

random occurrence of a fuzzy number, as presented as follows.

Definition 3 A fuzzy random variable X, (w) is a function X : 2 — F1(R™)
such that
{(w,z) : z€ Xo(w)}eAXB

for every a € [0,1], where X : £2 — P(R™) is defined by
Xo(w)={z eR" : X(w)(z) > a}.

In their definition A C R is the sample space of the probability space and B
is the set of Borel subsets of R in which the membership function of X, (w) is
defined.

Now, Chang defined a fuzzy random variable (see Chang [1]) starts with
defining a fuzzy topological space, as follows.

Definition 4 A fuzzy topology is a family T of fuzzy sets in X which satisfies
the following conditions:

- &, X €T, (null-set inclusion)
— IfA,BeT, then ANB €T, (intersection)
— If A; € T for each i € Ny, then UNm A; €T, (union)

where Ny, is the indez set of linguistic labels A; that define T



Therefore, T is called a fuzzy topology for X and the pair (X, T) is is called
a fuzzy topological space or just fuzzy space.

Definition 5 A fuzzy-random space is a triplet (2,D,T) where 2 is the uni-
verse of discourse, D is a set of possible events (a.k.a o-algebra), T is the family
of fuzzy sets under consideration, and A € T 1is a label /concept/word, so if (D,T)
1s a topological space then it is called a fuzzy o-algebra.

3.1 General discussion

At a first glance all three definitions are well supported and correct, so let us
go into their motivation and conceptual basis. The definition provided by H.
Kwarkernaak [4, 5] defines an FRV over a probability space in the sense that a
probability p; is assigned to every set A;(w), so all measurability properties are
based on a double map of probability and fuzzy variables. It is worth to note
the following:

1. A probability space is based on probable/repeated events, so the probabilities
p; for every set A;(w) must be inferred or measured before.

2. The computation and integrability /measurability of every A;(w) are based
on a convexity assumption, which is basically well defined for F;(R).

3. The link between probabilistic uncertainty and fuzzy uncertainty is the fuzzy
extension principle which is used to compute the expectation and other mea-
sures.

Puri & Ralescu [8] also define an FRV over a probability space, and also a
probability p; is assigned to a set A;(w) with the difference that every probable
element ' € (2 is not considered as a real number but a fuzzy set. Again all
measurability properties are based on a double map of probability and fuzzy
variables. Please note the following:

1. The probabilities p; for every element z* must be inferred or measured before
assigned to A4;(w).

2. As in the Kwarkernaak definition, computation and integrability /measurability
of every A;(w) are based on a convexity assumption, which is ensured for
F1(R).

3. Probabilistic uncertainty and fuzzy uncertainty are again linked by the fuzzy
extension principle which is used to compute the fuzzy expectation of every
probable value z°.

4. This definition basically assigns fuzzy sets to probable events, so it can be
seen as the computation of fuzzy functions of probable events.

In general, Kwarkernaak and Puri & Ralescu definitions are defined over
probability spaces. This leads us to think the following: only probable events are
possible i.e. only observed (or even observable) events shall be considered, and
possible events out of the probability space should not be considered.

This implies some practical difficulties since fuzzy sets are helpful to cover
unobserved and even “improbable” events. What we are intended to say is that in



many cases fuzzy sets are useful to cover what experts consider the sample space
should be, even if some events have never been measured/observed. For instance,
life on mars is posssible but not probable yet i.e. there is no such scientific
evidence to infer that life is probable out of the earth. Scientific community agree
that life out of the earth is possible even if we do not have yet any objective
evidence of life outside our planet.

This way, we can assert that A;(w) need to be observed/measured to infer
all probabilities A;(w) which leads us to the following statement

Y piw) =0 = Ai(w) €0, VieN,

This statement implies that if the membership degrees A;(w) of every ele-
ment w are not measured/observed then they cannot be included into {2 and it
implies that w must be observed enough times to then infer p;(w) (possibly via
experts opinions), so only probable events can be included since their member-
ship degrees were certainly observed.

The definition provided by Puri & Ralescu is very clear on only consider
fuzzy-probable events i.e. the elements of the sample space w € {2 are fuzzy sets
instead of singleton elements defined over a Borel set X € B, so pa,, (z) € F1(R)
is just an assignment to every w. As pointed out by the authors, continuous (even
non-discrete) sample spaces lead to large computations since their definition of
expectation is based on the fuzzy extension principle which is well known to be
NP-Hard.

Chang’s definition is the simpler of the three since it considers possible events
without the requirement of defining a probabilistic space to represent random-
ness. In Chang’s approach there is the chance that a possible event can be prob-
able if it is observed/measured while still been possible from fuzzy uncertainty
theory. This can be defined as follows:

ZAi(w)zo = pi(w) =0, VieN,,

This way, randomness over {2 in Cheng’s definition comes from a lack of cer-
tainty of every event, and it could be represented by any uncertainty theory. The
most widely used method to represent randomness is uniform random number
generation.

4 Fuzzy random variable generation

Fuzzy random variable generation for single fuzzy numbers e.g. single member-
ship functions have been proposed by Varén-Gaviria et al. [9] and Pulido-Lépez
et al. [7], so a more general case is defined by Cheng’s FRVs in the sense that
in involves a set T of ¢ € N,,, possible linguistic labels instead of only one fuzzy
number.

The main idea of random variable generation is to obtain X (w) through a
uniform random number UJ[0,1] (further info about uniform random numbers



are provided by Devroye [2], and Law & Kelton [6]). This way, we propose a
simple method to obtain X (w) using u;‘il and U to obtain X (w).

Let U € I be a uniformly distributed random variable, pa,(w) € F1(R)Vi €
N,,., and u;il : U = X'Vi € N, be invertible (or at least a Borel measurable
continuous set). A realization of an FRV namely X%(w) regarding the iz, lin-
guistic label can be obtained via its a-levels dq,i, o ,; Which can be obtained as
a function of o € I as follows:

®A; = py (@) = [dayis G,i] Vi € Ny, o € 1.

It is well known that a function of a random variable keeps the same random
nature e.g. a monotonic function of a random variable U namely ¢g(U) is a random
variable with the same distribution of U (see Law & Kelton [6]). This way, if we
consider U € [ as a uniformly distributed variable, then we have:

pal(e) = pal(U) S U
where % means convergence in distribution.

So basically we can use a uniform random variable U € I to compute a-cuts
and then consider the a-levels as realizations of X (w). Now, as there are at most
2m a-levels per a-cut done over all A; fuzzy numbers (we consider m linguistic
labels and fuzzy numbers only), then we can obtain a realization X (w) of an

FRV by randomly selecting one of the possible a-levels G i, Gn,; as shown in
Method 1.

Procedure 1 a-cut method
Require: m € N, pa, € Fi(R), n € N1
for j:1 —>ndo
Compute Uj1 € [0,1] and Uj,2 € Nop,
Set, o = Uj,l
Compute “A4; ; = [daj,i,&aj,i] VieN,
Sort da;,is8aj,i Vi € N
return o, x§ is the value at position Uj 2 of the sorted values da”, &aj,i VieN,
end for

Method 1 is simple: compute the o-levels dq, i, G, Of all fuzzy sets using a
first uniform random number U; € I, then sort them, generate a discrete uniform
random number Us € [1,2m], and finally set the realization z; of X%(w) as the
value of sorted dq, i, Gq,; at the position Us.

5 Application example

To illustrate how the proposed method works, we define an example of m =
3 fuzzy numbers with Gaussian membership functions G;(c;,d;) i.e. G1(10,2),
G2(25,5),G3(30,3) (see Figure 1).



Sample space €2

Fig. 1. Fuzzy variable with three Gaussian fuzzy numbers

Now suppose that U; = 0.4 which leads to the following values:

044, = [7.29,12.71]
044, = [18.23,31.77]
0445 = [25.94, 34.06]

The sorted sequence is then
{7.29,12.71,18.23,25.94, 31.77, 34.06 }

Finally if we generate Us = 4 then the realization of X3(w) is 2° = 25.94
which corresponds to dq 3 i.e. the lower a-level of the third fuzzy number with
membership degree o = 0.4. All obtained values are shown in Figure 1.

It is worth to note that we can repeat this simple procedure n times to obtain
as many z° as desired.

6 Concluding remarks

We proposed a computationally simple method for fuzzy random variable in
case of multiple linguistic labels. An explanatory example was provided and
some considerations about other possible approaches are provided.

The definition of FRV provided by Chang [1] is the most convenient definition
since the definitions of H. Kwarkernaak [4, 5] and Puri & Ralescu [8] were based
on additional probabilistic spaces.

Using two random numbers it is possible to generate a fuzzy random vari-
able without considering additional requirements. This is specially useful in en-
gineering applications in which fuzzy sets are used by experts to represent un-
certain/unobserved data as simpler as possible.
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